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1. Introduction

In 1938, Ostrowski proved the following interesting integral inequality which has received considerable attention from
many researchers [10-12,14,15].

Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b) and its derivative f’ : (a,b) — R is bounded in
(a,b), that is, |If'|l, := SUP¢e(apmf' ()| < co. Then for any x € [a, b], we have the inequality

2 2
< <(b _4a) + (x—a;b> )Ilf’llm-

The inequality is sharp in the sense that the constant } cannot be replaced by a smaller one.

b
/a f(t)dt —f(x)(b - a)

The development of the theory of time scales was initiated by Hilger [8] in 1988 as a theory capable to contain both dif-
ference and differential calculus in a consistent way. Since then, many authors have studied the theory of certain integral
inequalities or dynamic equations on time scales. For example, we refer the reader to [1,4,5,7,13,16-18]. In [5], Bohner
and Matthews established the following so-called Ostrowski inequality on time scales.

Theorem 2 (See [5], Theorem 3.5). Let a,b,x,t € T, a < b and f : [a,b] — R be differentiable. Then

b
/ f7(OAt = f(x)(b - a)| < M(hy(x,a) + ha(x, D)), (1)

where hy(-,-) is defined by Definition 7 and M = sup,_,_,|f (x)|. This inequality is sharp in the sense that the right-hand side of (1)
cannot be replaced by a smaller one.
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In the present paper we shall first generalize the above Ostrowski inequality on time scales for k points x;,x;,. .., X, and
then unify corresponding continuous and discrete versions. We also point out some particular Ostrowski type inequalities on
time scales as special cases.

2. Time scales essentials

Now we briefly introduce the time scales theory and refer the reader to Hilger [8] and the books [2,3,9] for further details.
Definition 1. A time scale T is an arbitrary nonempty closed subset of real numbers.
Definition 2. For t € T, we define the forward jump operator o : T — T by o(t) = inf{s € T : s > t}, while the backward

jump operator p: T — T is defined by p(t) =sup{s € T :s < t}. If a(t) > t, then we say that ¢ is right-scattered, while if
p(t) < t then we say that t is left-scattered.

Points that are right-scattered and left-scattered at the same time are called isolated. If o(t) = t, the t is called right-dense,
and if p(t) = t then t is called left-dense. Points that are both right-dense and left-dense are called dense.

Definition 3. Let t € T, then two mappings p,v: T — [0, +o0) satisfying
J(t) = o(t) —t, v(t):=t—p(t)
are called the graininess functions.

We now introduce the set T* which is derived from the time scales T as follows. If T has a left-scattered maximum t, then
T :=T — {t}, otherwise T* := T. Furthermore for a function f : T — R, we define the function f° : T — R by f’(t) = f(o(t))
forall t € T.

Definition 4. Let f : T — R be a function on time scales. Then for ¢t € T*, we define f4(t) to be the number, if one exists, such
that for all ¢ > 0 there is a neighborhood U of ¢t such that for all s € U

[F7(8) = £(s) = fA()(a(t) = s)| < ela(t) —s].
We say that fis A-differentiable on T* provided f4(t) exists for all t € T*.
Definition 5. A mapping f : T — R is called rd-continuous (denoted by C,q) provided if it satisfies
(1) fis continuous at each right-dense point or maximal element of T.
(2) The left-sided limit lims ., f(s) = f(t—) exists at each left-dense point t of T.
Remark 1. It follows from Theorem 1.74 of Bohner and Peterson [2] that every rd-continuous function has an anti-

derivative.

Definition 6. A function F : T — R s called a A-antiderivative of f : T — R provided F*(t) = f(t) holds for all t € T*. Then the
A-integral of fis defined by

/b F(©)At = F(b) — F(a).

Proposition 1. Let f, g be rd-continuous, a,b,c € T and o, f € R. Then

(1) J; (af (£) + BE(0)AL = ot [} F(O)AL + B [} g(D)AL,

(2) [, f(OAL =~ [} f(D)AL,

(3) [Pf(t)At = [Cf(t)At+ [P f(t)AL,

(4) [;f(Dg" ()AL = (fg)(b) — (f2)(@) — [; f*(D)g(a(t))AL,
(5) Jif(t)At=0

Definition 7. Let h; : T> — R, k € Ng be defined by
ho(t,s)=1 foralls;teT
and then recursively by

t
Rer (t,5) = / he(t,s)At forall st T,
N
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3. The generalized Ostrowski inequality on time scales

Throughout this section, we suppose that T is a time scale and an interval means the intersection of real interval with the
given time scale. We are in a position to state our main result.

Theorem 3. Suppose that

(1) a,beT, ly:a=x% <X <---<2Xk1 <X =Db is a division of the interval [a,b] for xo,x1,...,X € T;
(2) €T (i=0,....,k+1)is “k+2"pomtsso that oo =a, o; € [x;i1,%] (i=1,...,k) and og,1 = b;
(3) f:a,b] — R is dlﬁerentlable

Then we have

b k k-1
[ £ 080 = (01 = 80| < MY (ol 1) + e ), @)
a i=0 i=0
where
M = sup If*(x)|.

This inequality is sharp in the sense that the right-hand side of (2) cannot be replaced by a smaller one.
To prove Theorem 3, we need the following generalized Montgomery identity.

Lemma 1 (Generalized Montgomery identity). Under the assumptions of Theorem 3, we have

k b b
(s —alfx) = [ foac+ [K(E PO 3)
i=0 a a
where
t— oy, tela,xy),
t—OCz, tE[Xl,Xz),
Kt L)=1{ - (4)

t—op1, €€ Xe2,Xe1),
t— o, t € [xk_1,b].

Proof. Integrating by parts and applying Proposition 1, we have
b k— Xii1
/ K(t, L)fA(0) / K(t, I fA (DAL = Z / (t — o1 )fA(E)AL
a l

((Xm — o )f (1) — (% — ) (%) — / f"(t)At>

I
T IM
M_o

o

i

=~

-1

((Oﬂm —x)f (%) + (i1 — oin)f (Xi1) — /XH1 fg(f)Af>

i

i=0
k=1

k-2
= (on —a)f (a) + Z(O‘iﬂ —x)f (i) + Z Xip1 — Oie1)f (Xip1) + (b — o)f / fe()
i i=0

k-1

— (o1 — O (@) + (o1 — %) (x) + (b — 2)f / froae=3" w—a (x) / o

i=1
i.e, (3) holds. O

Proof of Theorem 3. By applying Lemma 1, we get

b k -b
[ Fowat =3 (o — x| = | [ K(e a0 - / K(t, 10 (DAL <Z [ sl wla

i=0
MZ / |t—a1+1|At7MZ (/ am_t)AH/:n(t_a,.“)At>

i+1

k—

= MZ (ha (Xi, 0is1) + ha (Xi1,01))-
i=0
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To prove the sharpness of this inequality, let f(t) = t,xo = a,x; = b, o0 = a,01 = b, o = b. It follows that M = 1. Starting with
the left-hand side of (2), we have

k

b
/a FPOA = (i — o)f (x)

i=0

b b
/ (a(t) +t)At—/ tAt — (b—a)a

‘ —a)b - /tAt

/b G(t)AL — ((b—a)a+ (b — b)b)‘ -

= /ab(tz)“At— /ab tAt — (b —a)a

Starting with the right-hand side of (2), we have

=~
-

ra b
M (ha(xi, 0651) + ha (X1, 01)) = ha(Xo, 061) + ha (X1, 011) = hy(a,b) + hy(b,b) = /b (t —b)At + /b (t —b)At

a a b
:/ mr—/ bAt:(b—a)b—/ AL,
b b a

b
/ FIOAE = (0 —0)f (i) = MY (ha(%i, X) + ha (01, Xi1))

k
i=0 i

Il
o

Therefore in this particular case

=~
—_

Il
o

and by (2) also

=~
—_

b
/ FPOAE = (0 —)f(x)| <M > (h2(0ti1, %) + h2 (01, Xi11)).

k
i=0

Il
o

So the sharpness of the inequality (2) is shown. O
If we apply the inequality (2) to different time scales, we will get some well-known and some new results.

Corollary 1 (Continuous case). Let T = R. Then our delta integral is the usual Riemann integral from calculus. Hence,

2
hy(t,s) = (t _25) forall t,s € R.

This leads us to state the following inequality:

k

b
[ £0dc=> 0~ rx)

i=0

k-1

k—
< M(;ll ,ZO: Xz+1 + (%H - m) )7 (5)

i=0

where M = sup,_,_,|f’(x)| and the constant 1 in the right-hand side is the best possible.
Remark 2. The inequality (5) is exactly the generalized Ostrowski inequality shown in [6].
Corollary 2 (Discrete case). Let T = Z, a =0, b = n. Suppose that
(1) I : 0 =Jg <Jj; <+ <Jyxq <Jx =nis adivision of [0,n]NZ for jy,kq,...,j, € Z;
(2) pjez (i=0,...,k+1)is “k+ 2" points so that py =0, p; € [ji_1,j;]NZ (i=1,...,k) and p;.,; =1n;
(3) fk) = x,.

Then, we have

2
E + Z +
ZX] Zpl“ Xfx ( 01+1 + <p1+1 JI JH]) + <p1+1 Jl ZJH]>)
i=0

for all i =1,n, where M = sup,_,__,_,|Ax;| and the constant % in the right-hand side is the best possible.

k=1

i=0

Proof. It is known that
t—s
hi(t,s) = ( K ) forall t,s € 7.

Therefore,

] i~ Pi ji = Pic) Ui — Py — 1
hz(.liapi+l):(" sz):(] P+1)(12 Di1 )
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and

. S P Vi —p -1
h201+]’pi+1):<]1+1 2p1+1>:(11+1 pz+1)(]12+1 Dii1 )

The conclusion is obtained by some easy calculation. O
Corollary 3 (Quantum calculus case). Let T = g, g > 1, a = g™, b = q" with m < n. Suppose that

(1) Iy :q™ = q"’ < qj‘ << (]j‘"1 < qj" =q"isa division Of[q"ﬂq"] quo forjO=l<1»-~-7j/< € No;
(2) g €q™ (i=0,...,k+1) is “k + 2" points so that g = q™, g € [¢1,q"| Ng™ (i=1,...,k) and g’ = q™;
(3) f: (g™, q"] — R is differentiable.

Then, we have
k

/qﬁmM—me—wwwﬂ
qm

i=0

2M L . Liq (g 4 gPist 2 2(q?Pi 4 g?Pis1) — 1+q)2 i 4 gPin 2 )
<2 ((QJIZ(qu )\ 2@+ 4(12)(61 )L o).
i=0
where
(Q)—f(f)‘
M= su
qw&ﬂ@—nm

and the constant 1 in the right-hand side is the best possible.

Proof. In this situation, one has

k-1

_qv
hit,s) = [[ > forall ;s € g'o.

v=0 Zuzoq“
Therefore,
ji gPis1) — (qJ' - qpi”)(qji — unwl)
h2 (qj ) q 1 ) 1 - q
and
h2 (qiiwl . unl) _ (qjm - qpiﬂ ) (quﬂ — qpx+1+1) .

1+q

The conclusion is easy obtained by some simple calculation. O

4. Some particular Ostrowski type inequalities on time scales

In this section we point out some particular Ostrowski type inequalities on time scales as special cases, such as: trapezoid
inequality on time scales, mid-point inequality on time scales, Simpson inequality on time scales, averaged mid-point-trapezoid
inequality on time scales and others.

Throughout this section, we always assume T is a time scale; a,b € T with a < b; f:[a,b] — R is differentiable. We
denote

M = sup [f*(x)].

a<x<b

Proposition 2. Suppose that o € [a,b] N T. Then we have the sharp rectangle inequality on time scales

b
/ f7OALt — (= a)f (a) + (b — o)f (b))| < M(ha(a, %) + ha (b, )). (6)

Proof. We choose k =1,xo = a,x; = b,0p = a,; = o and o, = b in Theorem 3 to get the result. O
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Remark 3
(a) If we choose o = b in (6), we get the sharp left rectangle inequality on time scales

b
/ (DAt — (b — a)f(@)| < Mha(a,b). @)

(b) If we choose o = a in (6), we get the sharp right rectangle inequality on time scales

b
/ f7(6)At — (b — a)f (b)| < Mhy(a,b). (8)

(c) If we choose o = %2 in (6), we get the sharp trapezoid inequality on time scales
b b
[ L] o (o257) (6230 o

Proposition 3. Suppose that x € [a,b]N T, oy € [a,x] NT, oz € [x,b] N T. Then we have the sharp inequality on time scales

b
/ FPOAL — (o1 — a)f (@) + (o2 — o1)f (%) + (b — 02)f (b)) | < M(ha(a, o1) + ha(x, 01) + ha (X, 02) + ha (b, 012)). (10)

Proof. We choose k=2, %, =a,x; =x,x, =b and o; (i =0,3) is as in Theorem 3 to get the result. O

Remark 4

(a) If we choose oy = a and o, = b in Proposition 3, we get exactly Theorem 2. Therefore, Theorem 3 is a generalization of
Theorem 3.5 in [5].
(b) If we choose x = 23 in (1), we get the sharp mid-point inequality on time scales

[ se2)o-o| o (4524) on(t32)) "

Corollary 4. Suppose that oy =3t € T, oy =20 € T, and x € [2%2 @56 £ T, Then we have the sharp inequality on time scales

[ oS5 ) o542 2 e 2) o452

(12)

Remark 5. If we choose x = %2 in (12), we get the sharp Simpson inequality on time scales
)

/abf"(t)At—b_ (f( ;f(b)+2f<a+b>>‘
M<h2<a,5agb>+h2<a;b75“6+b> h2<aJ2rb a25b>+h2<b,a25b>>‘

Corollary 5. Suppose that oy € [a,%2] N T and o, € [%2,b] N T. Then we have the sharp inequality on time scales

[ seme— (i - ax@ + oo - ar (452) + b sy )

< M(hz(a, o)+ hy (aTer,on) +hy (aTer,oa) + hy (b, ocz)>. (13)

Remark 6. Ifwe choose o; = 2¢t2and o, = ¢£22in(13), we get the sharp averaged mid-point-trapezoid inequality on time scales

/abfa(tw b . a <f(a) ; fb) f (a ; b))

3a+b a+b 3a+b a+b a+3b a+3b
(25 ) (05 ) (0 o p242))
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