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1. Construct a two-dimensional unmeasurable set.

2. Show that the Borel σ−algebra B in Rn is the smallest σ−algrbra containing

the closed sets in Rn.

3. If {Ek}, k = 1, 2, · · · is a sequence of sets with
∑∞

k=1 |Ek|e < ∞, show that both

lim sup Ek and lim inf Ek have measure zero.

4. If E1 and E2 are measurable sets, show that |E1 ∪E2|+ |E1 ∩E2| = |E1|+ |E2|.

5. If E1 and E2 are measurable subsets of R1, then E1×E2 is a measurable subset

of R2 and |E1 × E2| = |E1||E2|.

6. We can define the inner measure of a set E by |E|i = sup |F |, where the supre-

mum is taken over all closed subsets F of E. Show that (i) |E|i ≤ |E|e and (ii)

if |E|e < ∞, then E is measurable if and only if |E|i = |E|e. (Use Lemma 3 in

section 3 according to Lecture notes).

7. Show that the second part of previous question is false if |E|e = ∞.

8. If E is measurable and A is any subset of E, show that |E| = |A|i + |E − A|e.

9. Give an example which shows that the image of a measurable set under a

continuous transformation may not be measurable.

10. Show that there exist sets E1, E2, · · · , Ek, · · · such that Ek ↘ E, and |Ek|e < ∞
and limk→∞ |Ek|e > |E|e with strict inequality.

11. Show that there exist disjoint E1, E2, · · · , Ek, · · · such that | ∪ Ek|e <
∑ |Ek|e

with strict inequality.

12. Let E1 and E2 be open sets in R1 and E1 be a proper subset of E2. Does this

imply that |E1| < |E2|?

13. Construct a closed subset F ⊂ [0, 1] such that F does not contain any open

interval and |F | = 1
2
.


